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Abstract. A computationally efficient GBT-based beam finite element is presented, specifically 
developed for capturing the materially non-linear behaviour of wide-flange steel-concrete composite 
beams. The element incorporates shear lag effects, as well as concrete and steel non-linear material 
behaviour. Analytical solutions for elastic shear lag problems are derived and a set of materially 
linear and non-linear numerical examples is presented, showing that the proposed beam finite element 
captures accurately all relevant phenomena with a very small computational cost. For validation and 
comparison purposes, results obtained with shell/brick finite element models are also presented. 
1 INTRODUCTION 
The Generalized Beam Theory (GBT) is a thin-walled prismatic bar theory that efficiently 
handles cross-section in-plane and out-of-plane (warping) deformation, through the inclusion 
of “cross-section deformation modes”. GBT was introduced by R. Schardt almost 50 years 
ago [1,2] and it has since been continuously and considerably developed. Presently, it is rather 
well established as a very efficient and valuable tool for analysing prismatic thin-walled 
beams — see, e.g., [3-6]. 
In the field of steel-concrete composite bridge first-order/free vibration/buckling analyses, 
very promising results have been obtained with GBT [7], due to its straightforward capability 
of including relevant phenomena such as shear lag and shear connection flexibility. In 
particular, it was shown that GBT (i) leads to accurate solutions with a small number of 
deformation modes (and thus a small number of DOFs) and (ii) makes it possible to acquire a 
valuable insight into the mechanics of the problem addressed through the modal 
decomposition of the solution. 
This paper presents an efficient physically non-linear GBT-based beam finite element that 
captures the global behaviour, up to collapse, of wide flange steel and steel-concrete 
composite beams. In particular, concrete and steel non-linear behaviour is included and 
combined with shear lag effects. It should be noted that capturing physically non-linear shear 
lag with beam elements is rather challenging, since (i) the span-to-flange width ratio is small 
(which is somewhat in contradiction with the definition of a beam structural element) and (ii) 
a slight misprediction of the position of the neutral surface (which is invariably located in the 
wide flange) has a high impact on the flange stresses. 
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The proposed beam finite element is developed by making an appropriate trade-off 
between accuracy and computational efficiency, aiming at simplicity (a key goal). In 
particular, (i) membrane shear deformation is only allowed in wide flanges (to capture shear 
lag effects) and in the steel girder web (to capture vertical shear effects) and (ii) the stresses 
and strains are constrained in order to make it possible to reduce the number of deformation 
modes necessary to achieve accurate results and also to employ simple material models for 
both concrete and steel. 
The outline of the paper is as follows. Section 2 presents the fundamental aspects of the 
beam finite element. Section 3 discusses a set of application examples, which include both 
analytical and numerical solutions. For comparison and validation purposes, results obtained 
with shell and brick finite element models, using ADINA [8] and ATENA [9], respectively, 
are also presented. The paper closes in Section 4, with the concluding remarks. 
2 FINITE ELEMENT FORMULATION 
The physically non-linear beam finite element is based on the general formulation 
presented in [10,11], discarding geometric non-linear effects and including additional 
modifications/simplifications pertaining to the particular problem being addressed. With the 
Kirchhoff thin plate assumption and the wall mid-surface local axes shown in Fig. 1(a), the 
displacement vector for each wall, U, is expressed as 
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where the commas indicate differentiations, (x) is a column vector collecting the mode 
amplitude functions and )(),(),( yyy wvu  are column vectors containing the displacement 
functions of the wall mid-line along x, y, z, respectively, for each deformation mode, which 
may be determined from the procedures outlined in [12,13]. The non-null small strain 
components are grouped in vector 
t
 = [xx  yy  xy], which is subdivided into membrane (M) 
and bending (B) components, reading 
 










































































In general, a plane stress state is assumed in each wall and the non-null components are 
grouped in vector 
t
 = [xx  yy  xy], which is related to  through the particular constitutive 
law adopted. Within a Newton-Raphson iterative solution, the tangent stress-strain relation is 
written as d = Ct d, where Ct is the consistent tangent constitutive matrix pertaining to the 
particular stress return mapping algorithm employed. The amplitude functions are interpolated 
through  = d, where matrix  contains the interpolation functions and vector d contains 
the unknowns (the nodal values of the amplitude functions). Both Hermite (cubic) and 
Lagrange quadratic polynomials are employed, with the latter associated with the deformation 
modes that only involve warping displacements. 




Figure 1: (a) Thin-walled member local coordinate systems; steel-concrete composite beam cross-section (b) geometry, 
(c) wall mid-lines and reinforcement layers, and (d) cross-section deformation modes. 
 
The out-of-balance force vector g, the tangent stiffness matrix Kt and the incremental load 








































































































where q are forces acting along the walls mid-surface  (for simplicity, volume forces are not 
considered). 
With the above formulation, no significant DOF reduction with respect to a standard shell 
model is achieved and thus additional modifications/simplifications need to be introduced. It 
is assumed that the composite cross-sections are of the type shown in Fig. 1(b), comprising a 
reinforced concrete slab and a steel I-beam — the corresponding wall mid-lines are depicted 
in Fig. 1(c). A perfect bond between reinforcement and concrete is assumed and the 
reinforcement is assumed smeared (i) in layers, located according to parameters d1 and d2 in 
the figure, or (ii) in the full slab depth hc. In all examples presented in section 3, case (ii) is 
adopted in both the GBT and the brick finite element analyses. 
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For the strains, the following additional assumptions are introduced: (i) the cross-section is 




yy  , which also eliminates torsion) and (ii) Vlasov’s 
null membrane shear strain assumption ( 0Mxy ) is enforced in compact walls (typically, the 
narrow steel flanges of the I-section). These assumptions reduce the number of admissible 
cross-section deformation modes to those shown in Fig. 1(d): (E) axial extension, (B) Euler-
Bernoulli bending assuming uncracked concrete, (S) uniform web shearing and (LW/QW) 
linear/quadratic shear lag warping modes in each concrete flange. The E mode must be 
included in the analyses even if no axial force is being applied, in order to capture the shift of 
the neutral line caused by cracking and/or shear lag. Although additional shear deformation 
modes in the steel web and/or concrete slab can be straightforwardly added, using e.g. 
sinusoidal warping functions [7,12], the examples presented in Section 3 show that there is no 
significant gain in considering more than the LW/QW modes. 
With the interpolation functions adopted, the proposed beam finite element involves 8 
DOFs for the B + S modes (2 DOFs for each element end node and mode) plus 3 DOFs for 
each warping mode (1 DOF for each end node and 1 DOF for an intermediate node), leading 
to a total of only 23 DOFs if all 7 deformation modes of Fig. 1(d) are included in the analysis. 
For symmetric flanges, the shear lag modes may be paired (i.e., LW1+LW2 and QW1+QW2), 
leading to a reduced 17 DOF element. 
For the stresses, the only non-null stress components are B
xx
M
xx  ,  and 
M
xy , except where 
Vlasov’s assumption is enforced, in which case 0Mxy  and an uniaxial stress state is 
obtained (xx  0). As in [10,11], a small-strain elastic-perfectly plastic material law is 
employed for steel, with the St. Venant-Kirchhoff law for the elastic part, the von Mises yield 
function and associated flow rule. The stresses at the end of each iteration are calculated using 
the backward Euler return algorithm under the yy = 0 assumption and Ct corresponds to the 
associated (consistent) tangent constitutive matrix. The relevant material parameters are 
Young’s modulus E, the shear modulus G and the uniaxial yield stress fy. The subscripts s and 
a are employed to designate rebars and steel, respectively. 
For concrete, zero tensile strength is assumed and a smeared fixed crack-type approach is 
followed. Together with a plane stress state under the yy = 0 constraint, this material model 
implies that generalised cracking occurs at the onset of loading (along y at intermediate 
supports, at 45º near contraflexure zones and along x near maximum sagging bending zones). 
For both efficiency and simplicity, separate constitutive laws are adopted for xx and xy. The 
longitudinal normal stresses are related to xx through an uniaxial law, without tensile strength 
and a non-linear compressive branch up to the peak stress. It is assumed that 
unloading/reloading is elastic. In the examples presented in Section 3, the Eurocode 2 [14] 
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where c1 is the strain at the concrete peak stress fc. After the peak, a linear softening branch is 
adopted down to zero stress, which is attained at a mesh adjusted “final” strain f, to mitigate 
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where L is the finite element length and d  is a material parameter which needs to be 
calibrated. A similar strategy for the post-peak response is implemented in ATENA. This 
uniaxial law is schematically given in Fig. 2(a). For the shear stresses, the non-linear elastic 
law depicted in Fig. 2(b) is adopted, where c is the maximum stress, Gc = Ec/2(1+c) is the 
elastic shear modulus, c is Poisson’s ratio, and   1 is a reduction factor for cracked 
concrete, which is somewhat similar to the shear retention factor employed in standard fixed 
smeared crack approaches. 
Numerical integration is performed using Gauss quadrature, with 3 points along x, as in 
[11], and an arbitrary number of points along y and z in each wall. The load-displacement path 
is calculated using a standard incremental-iterative scheme with displacement control. The 
finite element procedure was implemented in MATLAB [15]. 
 
 
Figure 2: Stress-strain laws for concrete: (a) normal stresses and (b) shear stresses. 
3 APPLICATIONS AND ILLUSTRATIVE EXAMPLES 
3.1 Elastic shear lag 
The first example concerns an elastic shear lag problem. Two simply supported wide 
flange steel-concrete twin-girder beams are analysed, with span lengths equal to L = 6.0, 8.0 
m and the cross-section geometry and material parameters given in Fig. 3(a). The beams are 
subjected to 1 kN/m uniformly distributed vertical loads acting in the plane of the steel webs. 
Due to the problem double symmetry, only a quarter of the twin-beams is modelled (half of 
the length and cross-section). Note that the span-to-slab width ratio in this particular example 
is rather small, which constitutes a challenge for beam-type finite elements. 
The GBT analyses are carried out with the 7 deformation modes of Fig. 1(d) and 8 equal 
length finite elements, which amounts to a total of 112 DOFs (after elimination of the 
constrained DOFs due to boundary conditions). Since an elastic behaviour is assumed, 
numerical integration is carried out with only 2 Gauss points along the thickness and 3 Gauss 
points along y, in each wall. 
For comparison purposes, results obtained with 20-node brick elements (ATENA) are 
employed. As shown in Fig. 3(b), two refinement levels are considered for each L value, 
where “model 2” involves doubling (approximately) the number of elements along x and y in 
each wall and also along z in the concrete slab. Since both refinement levels yield the same 
results, only those corresponding to model 2 are shown in the figures. Fig. 3(c) makes it 
possible to identify the neutral surface, which is located in the concrete slab and is inclined 
rather than horizontal (as predicted by the classic bending theory). 
 




Figure 3: Elastic shear lag problem: (a) cross-section geometry, loading and material parameters, (b) brick element 
models, (c) neutral surface obtained with the brick model and (d) GBT mode amplitude functions. 
 
The graphs in Fig. 3(d) plot the GBT individual mode amplitude functions (recall that, with 
(1)-(2), the amplitude functions for the modes with warping only are given by k,x rather than 
by k) for 0  x  L/2, leading to the following conclusions: 
(i) These are bending-dominated problems, as the B mode has the highest participation 
(maximum at mid-span, null at the supports). The influence of web shear deformation 
is revealed by the S mode which, naturally, has a higher participation for the shorter 
span (note however that web shearing is proportional to k,x, which is maximum at the 
supports and null at mid-span). 
(ii) The warping modes (E, LW, QW) have significantly lower participations, with the 
LW modes being the most relevant, followed by the E mode. Since these modes are 
related to the occurrence of shear deformation, their amplitude functions k,x are 
qualitatively similar to that of the S mode (maximum at the supports, null at mid-
span). In fact, for the two spans analysed, it may be shown that the relations between 
the five warping modes are approximately constant throughout the span — for 
instance, the amplitude ratios of modes QW1/LW1 and QW2/LW2 vary between 0.30 
and 0.25 only, and these ratios could be employed to find a single (although 
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approximate) shear lag warping mode and further reduce the number of modes (DOFs) 
included in the analyses. This issue will be further addressed in Sections 3.2 and 3.4. 
(iii) The participations of the shear lag modes for the wider concrete flange (LW2 and 
QW2) are higher than their narrower flange counterparts (LW1 and QW1), which is 
due to the cross-section asymmetry and is in accordance with the stress distributions 
shown next. 
Fig. 4 compares the concrete slab mid-surface stresses obtained with GBT and the brick 
element models. The top graphs plot the mid-span xx distributions and the bottom figures 
show surface plots of both xx and xy. The shear lag effects are clearly visible in the xx 
distributions and, naturally, (i) the effect is more pronounced for the shorter span and (ii) the 
unequal concrete flange widths produce asymmetric stress distributions. In general, the GBT 
and brick model stresses (namely the mid-span values) are in very good agreement. This is 
rather remarkable given that the GBT elements have only a few deformation modes and that 
the neutral surface is very near the slab mid-surface, as shown in Fig. 3(c). GBT analyses 
were also carried out using sinusoidal warping modes (instead of the QW modes), with 1 to 4 
half-waves in each concrete flange, but virtually identical results were obtained and therefore 
they are not shown. 
Concerning the particular case of the mid-span stress graphs, an excellent agreement is 
observed. However, the GBT results predict a sharp peak over the web, whereas the brick 
models show a smooth transition due to the fact that the contact surface between the steel 
flange and concrete is modelled explicitly in this case. Note that the xy distributions over the 
web show the same effect, as the GBT/brick results vary abruptly/smoothly from one side to 
the other. Concerning the xx surface plots, although the colour maps for each model do not 
match exactly, a very good agreement is observed. Nevertheless, near the support, the brick 
models predict a higher shear lag effect. The xy surface plots provide evidence of this 
mismatch, as the GBT solutions yield non-null shear stresses at x = 0. This effect can only be 
mitigated by including transverse extension modes in the analyses, but this renders the GBT 
formulation considerably more complex, particularly at the constitutive modelling level. 
3.2 Analytical solutions for elastic shear lag 
In particular cases, the GBT approach makes it possible to retrieve semi-analytical (or even 
analytical) solutions that provide in-depth information concerning the mechanics of the 
problem. For simply supported members subjected to sinusoidal transverse loads of the form 
)/sin( Lxqq  , where q  is the load amplitude, the exact solutions are )/sin( Lxkk   , 
where the mode amplitudes k constitute the only unknowns and thus the DOF number equals 
the number of deformation modes. In the present formulation, with q = 1 kN/m vertical loads 
acting in the plane of the web and the 7 deformation modes shown in Fig. 1(d), due to the 
particular constraints adopted for the stress and strain fields, the GBT semi-analytical solution 
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Figure 4: Elastic shear lag problem: (a) mid-span xx distributions at the concrete slab mid-height and (b) slab mid-
surface contour plots for xx and xy. 
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where kq  equals the vertical displacement of the web associated with mode k (1 for the S and 
B modes, 0 otherwise), S designates the wall mid-lines and, in matrix C, the plate bending 
stiffness Et
3
/12(12) was replaced by Et3/12, to retain consistency with the classic bending 
theory of prismatic bars. For symmetric flanges, the linear and quadratic warping modes may 
be paired (LW = LW1 + LW2, QW = QW1 + QW2) and the number of modes is reduced to 
only 5. To measure the shear lag effect at the slab mid-height and mid-span (z = 0, x = L/2), 
the longitudinal strain parameter minmax / xxxx   is introduced, relating the mid-height strains 
above the web (maximum) and at the free edges (minimum). Although Eq. (7) requires a 
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for uncracked (I) or cracked (II) concrete, where bc is the slab total width and As/Ac is the 
longitudinal reinforcement ratio. In this particular case, the solutions do not depend on x (in 
contrast with the previous example), but only on . The graphs in Fig. 5 plot the solutions for 
0    1.5, making it possible to observe that approximately linear relations are obtained for 
the  range considered. Moreover, the mode ratios are in accordance with those reported in 
the previous example. 
 
 
Figure 5: Variation of (a) the strain parameter and (b) the ratio of the QW/LW mode amplitudes with . 
3.3 Collapse load of slender steel-concrete composite beams 
Before introducing physically non-linear shear lag, two steel-concrete beams with narrow 
flanges are analysed, namely (i) a 6 m span simply supported beam subjected to an uniformly 
distributed load and (ii) a 2 m cantilever beam acted by a tip point load. The cross-section 
geometry and material parameters are indicated in Fig. 6(a) (mean values for C25/30 concrete 
are adopted). Since shear lag effects are not relevant, the GBT analyses are carried out with 
only 3 deformation modes (E, B and S). Preliminary analyses showed that 5 integration points 
are required in the web, along y, and in the concrete flange, along z (through-thickness). For 
comparison purposes, results obtained with brick element models (ATENA) are also 
presented. As in the example of Section 3.1, two refinement levels are considered, with model 
2 (the most refined) involving two layers of elements in the concrete — Fig. 6(b) shows this 
model for the cantilever beam. To prevent transverse shear failure, a 4% reinforcement ratio is 
included in the concrete, along y. 
The simply supported beam is analysed first. The graphs (c)-(d) in Fig. 6 show the load-
displacement curves obtained with GBT and the brick models (in both cases a symmetry 
simplification was adopted), where the left graph shows the effect of the d parameter and the 
right one assesses the influence of the number of equal length GBT finite elements. 
Concerning the two brick models, almost coincident ascending trajectories and maximum 
loads are obtained, but the post-peak responses are somewhat different, with model 1 (less 
D. Henriques et al. 
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refined) leading to a steeper descent. Concerning the GBT results, regardless of the number of 
finite elements and d value adopted, the ascending curves are in excellent agreement with the 
brick model ones. However, the GBT maximum load and post-peak response are significantly 
dependent on d , with d = 0.01 providing results that are fairly close to those obtained with 
the brick model 2 (the most refined). Finally, Fig. 6(d) clearly shows that the use of a mesh 
adjusted softening modulus effectively leads to mesh independent results and that, in this 
case, it suffices to employ only two elements (recall that, due to symmetry, only half of the 
beam is modelled). 
 
 
Figure 6: Collapse load of slender steel-concrete composite beams: (a) cross-section geometry and material parameters, (b) 
brick element model 2, (c-d) simply supported beam load-displacement plots and (e-f) cantilever beam load-displacement 
plots and equivalent plastic strain at collapse (obtained with the brick model). 
 
Attention is now turned to the cantilever beam results, shown in Fig. 6(e). Only the results 
obtained with the brick model 2 are shown, but different values of the axial tensile strength fct 
and fracture energy Gf are considered: (i) fct = 2.6 MPa (mean value for C25/30 concrete) and 
Gf = 0.08368 kN/m (default value in ATENA) or (ii) reduced values, namely fct = 100 kPa and 
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Gf = 8.368  10
3
 kN/m. With the GBT finite elements, the concrete is fully cracked (no 
tensile strength is assumed) and the results are invariant with respect to d . For this reason, 
only the effect of the GBT discretization is shown in the graph. These results prompt the 
following remarks: 
(i) Concerning the brick models, both lead to the same ultimate load, but the use of the 
reduced tensile strength leads to considerable lower loads along the ascending curve. 
(ii) Concerning the GBT discretization, it is observed that the ascending curve requires 
only 4 (equal length) elements, but capturing the maximum load reasonably requires at 
least 8 elements. More than 16 elements lead to negligible differences. 
(iii) Naturally, the ascending branch of the brick model with reduced tensile strength 
matches very well the GBT results. However, the maximum load is almost 7% above 
the GBT value corresponding to 16 elements (which, incidentally, is in accordance 
with a simple calculation using rectangular stress blocks). This difference can be 
explained with the help of Fig. 6(f), which clearly shows that the built-in support 
constrains plastic deformation (see [16]). 
 
3.4 Elastoplastic steel plate with longitudinal stiffener 
This example combines plasticity with shear lag and concerns the elastic-perfectly plastic 
simply supported stiffened steel plate shown in Fig. 7(a). Due to the double symmetry, only 
one quarter of the plate is analysed. The GBT analyses are carried out with the E, B and S 
modes, plus two additional sets of warping modes in the plate to capture shear lag effects: (i) 
LW and QW or (ii) LW and 4 sinusoidal warping (SW) modes, i.e., warping modes with 1 to 
4 sinusoidal half-waves along y). Integration is performed using 5 Gauss points along z and at 
least 6 points along y (confirmed through preliminary analyses). Due to the thin-walled nature 
of the plate, a refined 4-node shell (instead of brick) finite element model is employed for 
comparison purposes, using ADINA — see Fig. 8(a). For consistency with the GBT models, 5 
Gauss points along the thickness are also considered. 
The graphs (b)-(c) in Fig. 7 plot the load-displacement paths and the GBT deformation 
mode amplitudes. The graph (b) shows that (i) the GBT and shell results are in excellent 
agreement, particularly if the LW+QW modes are included in the GBT analyses, and that (ii) 
no more than 4 GBT finite elements are necessary to obtain accurate results. Moreover, it is 
concluded that the shear lag effects influence the “knee” of the load-displacement path, but 
not the collapse load. Although not shown in the figure, it was found that using sinusoidal 
warping modes yields curves that are virtually identical to those obtained with the QW mode. 
The GBT deformation mode amplitude graphs c1-c4 in Fig. 7 correspond to mid-span 
vertical displacements equal to 1.07 and 7.80 mm, respectively, which are associated to the 
first and last deformed configurations displayed in Fig. 8. These results prompt the following 
remarks: 
(i) The c1 graph shows that the B mode has the highest participation and that the S mode 
has a negligible participation. Note that, for 7.80 mm, the B mode amplitude function 
clearly evidences the formation of a plastic hinge at mid-span. 
(ii) The c3-c4 graphs concern the warping modes. The amplitude of the E mode increases 
significantly with the displacement, unlike the LW and QW mode amplitudes. This is 
in accordance with the previous findings from Fig. 7(b), namely the fact that shear 
lag effects do not influence the collapse load. 
 





Figure 7: Elastoplastic steel plate with longitudinal stiffener: (a) cross-section geometry and material parameters, (b) 
load-displacement plots and (c) GBT mode amplitude functions. 
 
(iii) The c2 graph plots the ratio of the amplitude functions of the WQ and LW modes. It 
is observed that this ratio does not vary significantly with the mid-span displacement 
and that the values are in quite good agreement with those previously reported for 
elastic shear lag (0.25 - 0.30, see Sections 3.1 and 3.2, namely Fig. 5(b)). 
Fig. 8(a) displays the evolution of the plate deformed configuration and also the mid-
surface plasticity spreading (the mid-span vertical displacement associated with each 
configuration is indicated in the figure). The stresses are calculated at the integration points 
only and no smoothing is performed. 
It is observed that the GBT results are in fairly good agreement with the shell model ones 
and that the GBT results with LW+QW or LW+SW are very similar if 20 Gauss points are 
employed. The differences observed between the shell and GBT models essentially stem from 
the simplifications incorporated in the latter, namely the yy = 0 assumption. However, it 
should be noted that this is a rather complex problem, since the stresses vary rapidly across 
the plate thickness, as demonstrated by the effective stress plots displayed in Fig. 8(b) — the 
stresses at the top integration points are significantly higher than those of the mid-surface. 
 




Figure 8: Elastoplastic steel plate with longitudinal stiffener: (a) GBT/shell deformed configurations and wall mid-
surface plasticity spreading and (b) GBT deformed configurations and effective stresses at the mid-surface and top 
integration points. 
 
3.5 Simply supported wide flange steel-concrete beam 
The last example combines all effects, namely steel plasticity, concrete cracking/crushing 
and shear lag. A 12 m span simply supported wide flange steel-concrete beam is selected, 
subjected to an uniformly distributed vertical load acting in the plane of the web. The cross-
section geometry and material parameters are indicated in Fig. 9(a). It should be noted that a 
reduced concrete depth is selected in order to obtain a bending-type failure at mid-span, rather 
than a shear-type failure of the steel web at the supports. 
 
 




Figure 9: Simply supported wide flange steel-concrete beam: (a) cross-section geometry and material parameters, (b) 
brick model and (c) load-displacement plots. 
  
Fig. 9(b) shows the brick finite element model analysed for comparison purposes (only 1/4 
of the beam is modelled due to symmetry). As in previous cases, a 4% transverse 
reinforcement ratio is included in the concrete slab (besides the longitudinal reinforcement). 
To ensure a concrete material model as close as possible to that incorporated in the GBT 
element, a constant maximum shear stress is stipulated. In the ATENA program, this can be 
achieved by specifying that the maximum shear stress on a crack surface cannot exceed the 
maximum tensile stress (2.6 MPa in this case). Preliminary analyses showed the occurrence of 
premature localised concrete failure near the support, due to high shear forces. To prevent this 
failure mode and allow the development of a plastic hinge at mid-span, the concrete slab 
within 3 m of the support was deemed elastic (with the same Ec and c values). 
The GBT analyses include the LW+QW modes and several discretisation levels and 
parameter values are considered. In all cases, only half of the span is modelled and 5 Gauss 
points are adopted along both y and z. The load-displacement graphs are displayed in Fig. 
9(c), where the brick model results are also shown for comparison purposes. In particular: 
(i) Graph (c1) shows the effect of the number of GBT beam finite elements, making it 
possible to conclude that, in this particular case, there is virtually no difference in 
employing 4, 6 or 8 elements. The GBT and brick models yield very similar results, 
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although the latter predicts a load decrease after a displacement of 0.2 m. The GBT 
curves attain their maxima beyond that value, at 0.25-0.270 m. Nevertheless, it is 
remarkable that the GBT analyses provide a maximum load within 1% of the value 
obtained with the brick model.  
(ii) Graph (c2) concerns the effect of the d parameter. No significant influence is observed 
for the range analysed, although a very slight load decrease is reported for d = 0.005 
and at large displacements. 
(iii) Graph (c3) groups results obtained without shear lag modes (i.e., without the LW and 
QW modes), as well as results for different c and  values. Concerning the shear 
strength, it is concluded that using c = 10 kPa decreases the beam stiffness and 
strength significantly, whereas a very high value (in this case c = 10
20
) leads to a 
slight increase of the peak load and, naturally, to a curve virtually coincident with that 
obtained without shear lag modes. Concerning the  parameter, lowering it influences 
only the initial stages of the curve and leads to a softener response with respect to the 
brick model (in this particular example). The fact that the brick model agrees well with 
the GBT results for  = 1 may be explained by noting that, in the underlying concrete 
material law, although the shear stiffness decreases with cracking (as in the GBT 
model), the tensile strength is not zero and therefore cracking is “delayed” with respect 
to the GBT model — in this particular case, cracking in the brick model occurs for 
fairly large displacements, as discussed next. 
The effect of using sinusoidal warping (SW) modes was also investigated, but the results 
are not shown, since no major differences were found. However, it should be mentioned that 
the inclusion of four SW modes (instead of a single QW mode) leads to a slight maximum 
load drop (almost 3%) with respect to that obtained with the QW mode. This is mostly due to 
the fact that the assumed GBT warping modes generate slip in the concrete/steel flange 
contact zone (within 150 mm of the web plane), an effect which is not allowed in the brick 
model (the steel/concrete interface is fully connected). If this slip is eliminated in the GBT 
model (which is easily achieved by subdividing the concrete slab into two 1.85 m walls and 
one 300 mm wall fully connected to the steel top flange), the maximum load with four SW 
modes drops only by 1.4%. 
Figs. 10(a)-(c) display longitudinal strain (xx) mid-surface contour plots for one quarter of 
the slab and several mid-span vertical displacement values, obtained with brick and GBT 
models. In the latter case, the results were obtained using the LW+QW warping modes and 
the discretisation/parameter values indicated in the top-right corner. It is observed that the two 
models yield results that are in good agreement throughout the whole displacement range 
(notably in the first step, still in the elastic range) and, in particular, the mid-span peak strains 
match quite well. However, the GBT model tends to predict a steeper transverse variation of 
the strains and, for the larger displacements (226.2 and 273.8 mm), does not retrieve the large 
localised strains obtained with the brick model. 
The fact that the GBT model predicts higher strain variations in the transverse direction is 
a consequence of the limitation imposed on the shear stresses. In the brick model, this effect is 
not so pronounced, as the shear stress limitation applies to the post-cracking stresses only and 
significant tensile resistance is provided. To illustrate this statement, Fig. 10(d) shows results 
obtained assuming linear elastic shear stresses. With respect to the previous GBT results (with 
c = 2.6 MPa), these surface plots are in better agreement with the brick model ones, 
particularly up to 130.8 mm. On the other hand, for larger displacements, the peak strains are 
not so adequately captured. 
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Figure 10: Simply supported wide flange steel-concrete beam: longitudinal strain \varepsilon_{xx} mid-surface contour 
plots for one quarter of the slab and a mid-span vertical displacement equal to (a) 20.05 mm, (b) 41.13 to 153.9 mm, (c) 
153.9 to 273.8 mm and (d) 41.13 to 273.8 (GBT results without shear stress limitation). 
  
To enable a better grasp of the beam behaviour predicted by the brick model, the cracking 
evolution is provided in Fig. 11. The first cracks occur at 63.14 mm, which is already very 
near the load-displacement curve horizontal plateau and is in agreement with the fact that the 
GBT results for  = 1 match quite well those obtained with the brick model. Note that the first 
cracks are longitudinal in the mid-span region, as assumed in the GBT material model. As the 
displacement increases, cracking spreads and evolves to a complex pattern which cannot be 
captured by the present GBT model.  
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Figure 11: Simply supported wide flange steel-concrete beam: evolution of cracking as the mid-span vertical 
displacement increases (brick model). 
4 CONCLUDING REMARKS 
In this paper, a computationally efficient physically non-linear GBT-based finite element 
for steel and steel-concrete beams was proposed and validated. The element is able to capture 
the materially non-linear behaviour of wide-flange steel and steel-concrete composite beams 
up to collapse, including reinforced concrete non-linear material behaviour, shear lag effects 
and steel beam plasticity. A set of numerical examples were presented, in order to 
demonstrate that the finite element is capable of capturing all relevant phenomena with a very 
small computational cost. Furthermore, analytical solutions for elastic shear lag were derived 
and the unique modal decomposition features of GBT were employed to extract information 
concerning the shear lag effect in both the linear and non-linear stages, up to collapse.  
It should be mentioned once again that the efficiency of the proposed element stems from a 
combination of the GBT intrinsic versatility to model the behaviour of thin-walled members 
and the introduction of specific assumptions concerning the stresses and strains. These 
assumptions make it possible to reduce the number of cross-section deformation modes (and, 
hence, reduce DOFs) and also employ simple constitutive laws for both steel and concrete, 
without sacrificing accuracy. Finally, a few words concerning the computation times. With an 
Intel Core i7 CPU @ 2.10 GHz processor, the GBT analyses typically run under 1 or 2 
minutes, whereas the ATENA analyses can take more than 12 hours if extensive cracking 
occurs in the concrete slab. 
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